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Radical	exponents	rules

Radical	and	rational	exponents	rules.	How	to	do	radical	exponents.

Copyright	Â©	2002â​​2021	by	Stan	Brown	Summary:	The	rules	for	combining	powers	and	roots	seem	to	confuse	a	lot	of	students.	They	try	to	memorize	everything,	and	of	course	it’s	a	great	mishmash	in	their	mind.	But	the	laws	come	down	to	count,	which	anyone	can	do,	plus	three	definitions	to	memorize.	This	page	solves	what	you	need	to	memorize
and	what	you	can	do	based	on	the	count,	to	solve	any	problem	involving	exponents.	Contents:	See	also:	Combining	Operations	(Distribution	Law)	includes	a	lot	of	common	mistakes	that	students	make,	with	lots	of	exercises	to	test	themselves.	What’s	an	exponent,	by	the	way?	There’s	nothing	mysterious	about	it!	An	exponent	is	simply	short	to	multiply
that	number	of	identical	factors.	So	43	is	equal	to	(4)	(4),	three	identical	factors	of	4.	And	x3	is	just	three	factors	of	x,	(x)	(x)	(x).	A	warning:	Remember	the	sequence	of	operations.	The	exponents	are	the	first	operation	(without	grouping	symbols	as	parentheses),	so	the	exponent	applies	only	to	the	one	that	is	directly	attached	to.	3x3	is	3	(x)	(x)	(x),	not
(3x)	(3x)	(3x)	(3x)	(3x)	(3x)).	If	we	wanted	to	(3x)	(3x)	(3x),	we	would	have	to	use	the	grouping:	(3x)	3.	Negative	exponents	A	negative	exponent	means	dividing	by	that	number	of	factors	instead	of	multiplying.	So	4â	̈	̈	̈3	is	the	same	as	1/	(43),	and	xâ	̈	̈	̈3	=	1/x3.	As	you	know,	you	can’t	divide	by	zero.	So	there’s	a	constraint	that	xẫn	=	1/xn	only	when	x	is
not	zero.	When	x	=	0,	xâșn	is	undefined.	Soon	after,	we’ll	see	the	negative	exponents	at	the	bottom	of	a	fraction.	Fractional	exponents	A	fractional	exponent,	in	particular,	an	exponent	of	the	form	1/n,	intends	to	take	the	nth	root	instead	of	multiplying	or	dividing.	For	example,	4	(1/3)	is	the	third	root	(cube	root)	of	4.	Arbitrary	exponents	It	is	not
possible	to	use	counting	techniques	on	an	expression	like	60.1687	or	4.3Ï​.	Instead,	these	expressions	are	evaluated	using	logarithms.	Here’s	everything	you	need	to	memorize	and	this	is	for	memory	work.	Period.	If	you	memorize	these	three	definitions,	you	can	work	everything	else	by	combining	them	and	counting:	Granted,	there’s	a	little	hand
jumping	in	my	statement	that	you	can	work	everything	else	out.	Let	me	do	some	good	on	that	promise	by	showing	you	how	all	the	other	exponent	laws	come	from	the	only	three	definitions	above.	The	idea	is	that	you	don’t	have	to	memorize	the	other	laws	â​​	or	if	you	choose	to	memorize	them,	you’ll	know	why	they	work	and	find	it	easier	to	memorize
them	accurately.	Now	try	it!	1.	Write	113	as	multiplication.	2.	Write	jâș7	as	a	fraction,	using	only	positive	exponents.	3.	What	is	the	value	of	1001â		2?	4.	Evaluate	â	̈5â	̈2	and	(â	̈5)	â	̈2.	Suppose	we	have	(x5)	(x6);	how	does	that	simplify?	Just	remember	you’re	counting	the	factors.	x5	=	(x)	(x)	(x)	(x)	(x)	(x)	and	x6	=	Well,	how	many	xes	are	there?	Fivefrom
x5,	and	6	x	factors	from	x6,	makes	11	x	factors	in	total.	Can	you	see	that	every	time	you	multiply	two	powers	of	the	same	base,	you	end	up	with	a	number	of	factors	equal	to	the	total	of	the	two	powers?	In	other	words,	when	the	bases	are	the	same,	the	new	power	is	found	simply	by	adding	the	exponents:	Powers	of	different	bases	Attention!	The	above
rule	only	works	when	multiplying	the	powers	of	the	same	base.	For	example,	(x3)	(y4)	(x)	(x)	(x)	(y)	(y)	(y)	(y)	(y)	(y)	(y)	(y))	If	you	write	the	powers,	see	that	there	is	no	way	to	combine	them.	Except	in	one	case:	If	the	basics	are	different	but	the	exponents	are	the	same,	then	you	can	combine	them.	Example:	(xÂ3)	(yÂ3)	Â	=	(x)	(x)	(x)	(x)	(y)	(y)	(y)	But
you	know	that	it	doesn't	matter	in	which	order	you	make	your	multiplications	or	as	the	raisins.	So,	(x)	(x)	(y)	(y)	(y)	(y)	(x)	(y)	(x)	(x)	(y)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy))	(xy))	(xy)	(xy)	(xy))	(xy)	(xy))	(xy))	(xy)	(xy))	(xy))	(xy)	(xy)	(xy)	(xy))	(xy)	(xy)	(xy)	(xy))	(xy)	(xy)	(xy)	(xy)	(xy))))	(xy)	(xy)	(xy)	(xy)	(xy))	(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy))	(xy)	(xy)
(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	(xy))	(xy)	(xy)	(xy)	(xy)	(xy))	(xy))	(xy)	(xy)	(xy)	(xy)	(xy)	(xy)	But	from	the	very	definition	of	powers,	it	is	known	that	it	is	the	same	thing	as	(xy)	Â3.	And	it	works	for	any	common	power	of	two	different	bases:	It	should	be	obvious,	but	I	say	the	same:	all	the	laws	of	the	exponents	work	in	both	directions.	If	you	see	(4x)	Â3	you	can
unpack	it	in	(4Â3)	(xÂ3),	and	if	you	see	(4Â3)	(xÂ3)	you	can	combine	it	as	(4x)	Â3.	What	about	division?	Remember	that	dividing	means	only	multiplying	by	1	on	something.	So	all	the	laws	of	the	division	are	actually	only	laws	of	multiplication.	The	additional	definition	of	xâ¤n	as	1/xn	comes	into	play	here.	Example:	What	is	x8Ã·x6?	Well,	there	are
several	ways	to	solve	it.	One	way	is	to	say	that	x8Ã·x6Â	=	x8	(1/x6),	but	using	the	definition	of	negative	exponents	that	is	only	x8	(xâ¢6).	Now	use	the	product	rule	(two	powers	of	the	same	base)	to	rewrite	it	as	x8+	(6),	or	x8-6	or	x2.	Another	method	is	simply	to	return	to	the	definition:	x8Ã·x6Â	=	(xxxxxxxxxx)	Ã·	(xxxxxxxxx)	Â	=	(xxxxxxxxx)	Ã·	(xxxxxx)
Â	=	(xxxxxxxxxxxxx)	Â	=	(xxx)	(1)	Â	=	x2.	However,	we	divide	it,	we	come	to	the	same	answer:	for	the	division	with	similar	bases	are	subtracted	exponents,	just	as	for	the	multiplication	of	similar	bases	are	added	exponents:	But	there	is	no	need	to	memorize	a	special	rule	for	the	division:	you	can	always	get	it	from	the	other	rules	or	counting.	Similarly,
dividing	different	bases	cannot	be	simplified	unless	exponents	are	equal.	xÂ3Ã·yÂ2	cannot	be	combined	because	it	is	only	xxx/yyyy;	But	xÂ3Ã·yÂ3	is	xxx/	(yyy),	which	is	(x/y)	(x/y)	Â3.	The	multiplication	and	division	have	the	same	precedence,	so	xxx/yyy	would	literally	mean	x,	by	x,	by	x,	divided	by	y,	by	y,	by	y	and	would	be	equal	to	xxx/y	by	yy,	or	xxxy.
That	is	why	the	brackets	around	yyy	are	necessary,	as	this:	xxx/	(yyyyy),	as	noted	by	the	reader	Chase	Ries.	I	had	written	xxx/yyyy,	because	we	often	omit	parentheses	in	a	fraction	that	does	not	contain	additives	or	subtractions.	But	it	is	better	not	to	force	the	reader	to	enigmize	from	the	context	ifparentheses	have	been	omitted.	The	parentheses
around	the	xxxÂ¦	(xxx)	/	(yyyyy)	Ã¦Â¦	would	not	be	wrong,	wrong,	are	not	necessary	because	the	standard	order	of	operations	is	to	multiply	x	times	x	times	x,	with	or	without	parentheses.	As	this	example	illustrates,	you	can	combine	them	as	exponents	even	when	the	bases	are	different:	Negative	powers	on	the	bottom	How	about	dividing	with	a
negative	power,	like	y5/xâ̄4?	Use	the	rule	you	already	know	for	the	division:	5	5	5	5	4	4	y	x	y	x	y	x	4	5	---	=	--------	=	--------	â	¢	–	=	–	=	-----	=	x	y	â¢	4	(4)	4	x	(1	/	x)	(1	/	x)	x	1	But	this	is	too	elaborate.	Since	1	/	(1/x)	is	just	x,	a	negative	exponent	moves	its	power	to	the	other	side	of	the	fraction	bar.	So	xâ	̈4	=	1/	(x4),	and	1/	(xâ	̈4)	=	x4.	Now	try	it!	Because
this	article	helps	you,	click	to	donate!	Because	this	article	helps	you,	please	donate	toBrownMath.com/donate.	Write	each	of	these	as	a	single	positive	power.	(I	slipped	into	one	or	two	that	can’t	be	simplified,	just	to	keep	you	on	your	toes.)	5.	a7	to	b7	6.	112	to	23	7.	83	x3	8.	54	Ã		56	9.	p11	Ã·	p6	10.	râ	̈	̈11	Ã·	râ	̈	̈2	[Answers	]	Powers	of	Powers	What	do
you	do	with	an	expression	like	(x5)	4?	No	need	to	guess	it	can	work	by	counting.	(x5)	4	=	(x5)	(x5)	(x5)	(x5)	(x5)	Write	this	as	an	array:	x5	=	(x)	(x)	(x)	(x)	(x)	x5	=	(x)	(x)	(x)	(x)	x5	=	(x)	(x)	(x)	(x)	(x)	(x)	(x))	(x))	(x)	(x)	We	see	that	there	are	5	factors	in	each	row	of	x5	and	4	lines	of	()	4,	in	all	factors	5Ã​4=20.	Therefore,	(x5)	4	=	x20	As	you	might	expect,
this	is	true	for	any	power	of	a	power:	multiply	the	exponents.	For	example,	(kâ¢3)	â¢2	=	k	(â¢3)	(â¢2)	=	k6.	In	general,	I	can	only	hear	you	asking,	“So	when	I	add	exponents	and	when	I	multiply	exponents?”Don’t	try	to	remember	a	rule”,	work	it	out!	When	you	have	a	power	of	a	power,	you	will	always	have	a	rectangular	set	of	factors,	like	the	example
above.	Remember	the	old	rule	of	length	Ã​width,	so	the	combined	exponent	is	formed	by	multiplying.	On	the	other	hand,	when	you’re	just	multiplying	two	powers	together,	like	g2g3,	which	is	just	the	same	of	string	factors	together,	g2g3	=	(ggg)	(ggg	=	(ggggg)	=	g5	You	can	always	update	your	memory	by	counting	simple	cases,	like	x2x3	=	(xx)	(xxx)
=	x5	versus	(x2)	3	=	(xx)	3	=	(xxx)	(xxx)	=	x6	Now	try	it!	Perform	the	steps	to	remove	the	brackets:	11.	(x4)	âÀ​5	12.	(5x2)	3	Exponent	Zero	You	probably	know	that	something	in	power	0	is	1.	But	now	you	can	see	why.	Consider	x0.	For	the	division	rule,	we	know	that	x3/x3	=	x	(3âÀ​3)	=	x0.	But	anything	divided	by	itself	is	1,	so	x3/x3	is	equal	to	1.
Things	that	are	equal	to	the	same	thing	are	equal	to	each	other:	if	x3/x3	is	equal	to	1	and	x0,	then	1	must	equal	x0.	Symbolically,	x0	=	x	(3â̄3)	=	x3/x3	=	1	There	is	a	constraint.	You	saw	we	had	to	create	a	fraction	to	figure	out	x0.	But	the	division	of	0	is	not	allowed,	so	our	evaluation	works	for	nothing	at	the	power	0	except	the	zero	itself:	Evaluating
00	istopic	for	your	calculation	course.	Try	it	now!	What	is	the	value	of	each	of	these?	On	13.	(a6b8c10Â	/Â	a5b6d7)	0	14.	17x0	[	Replies	]	Radicali	The	laws	of	radicals	are	traditionally	taught	separately	by	the	laws	of	the	exponents,	and	frankly	I	never	understood	why.	A	radical	is	simply	a	fractional	exponent:	the	square	root	(2a)	of	x	is	only	x1/2,	the
Cuban	root	(3a)	is	only	x1/3,	and	so	on.	With	this	fact	at	your	disposal,	you	are	in	great	shape.	Example:	.	It	is	easy	to	evaluate!	You	know	that	the	square	root	of	x	is	x1/2	and	the	cubic	root	of	this	is	(x1/2)	1/3.	Then	use	the	power	rule	of	a	power	to	evaluate	it	as	x	(1/2)	(1/3)	Â	=	x	(1/6),	which	is	the	sixth	root	of	x.	Example:	.	Why?	Since	the	square	root
is	the	power	of	1/2,	and	the	product	rule	for	the	same	power	of	different	bases	tells	you	that	(x1/2)	(y1/2)	=	(xy)	1/2.	Fractional	or	rational	representatives	Until	now	we	have	examined	fractional	exponents	only	when	the	upper	number	was	1.	How	do	you	interpret	x2/3,	for	example?	Can	you	see	how	to	use	the	rule	of	power?	Since	2/3Â	=	(2)	(1/3),	you
can	rewrite	x2/3Â	=	x	(2)	(1/3)	Â	=	(x2)	1/3,	which	is	.	2/3Â	=	(1/3)	(2),	then	x2/3Â	=	x	(1/3)	(2)	Â	=	(x1/3)	2Â	=	.	Here	are	some	examples	of	the	general	rule:	When	a	power	and	root	are	involved,	the	upper	part	of	the	fractional	exponent	is	the	power	and	the	lower	part	is	the	root.	Are	we	supposed	to	be	the	same?	But	it's	the	same	thing	as	x5/5,	and
5/5=1,	so	it's	the	same	thing	as	x1	or	just	x.	Try	it	now!	15.	Write	"AA"x5	as	a	single	power.	The	16.	Simplifies	Â3âÂ	(a6b9)	Â	(This	is	the	cubic	root	or	third	root	of	a6b9.)	17.	Find	the	numerical	value	of	274/3	without	using	a	calculator.	[	Answers	]	Conclusion	Well,	here	we	are:	the	laws	of	exponents	and	demistified	radicals!	Just	remember	the	three
basic	definitions.	When	you	are	not	sure	of	a	rule,	like	the	rule	of	a	product,	do	not	try	to	remember	it,	but	solve	it	by	counting	and	you	will	be	fine.	Answered	by	What	is	an	exponent,	anyway?	Â	â	¢	1Â	11Â11Â	Â	Â	2.Â	1/j7Â	Â	3.Â	â	¢100Â	=Â	10Â	Â	Â	Â	Â	4.Â	5â	¢	2Â	=Â	1/25	(Excel	returns	1/25	or	0.04	for	both,	but	this	is	wrong.	From	Multiplication
Powers	and	Division	«	5.Â	(a/b)	7Â	Â	Â	6.Â	cannot	be	simplified	as	an	expression	of	power.	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	3Â	Â	8Â	Â	510	(notÂ	2510!)	Â	Â	Â	Â	Â	Â	Â	Â	Â	9.Â	Â	Â	Â	Â	Â	Â	Â	10.Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â
Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	xâ¤20	or	1/x20Â	Â	Â	12.Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â
Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â
Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Use	the	rule	for	different	basic	powers	to	start	with:	53	(x2)	3.	Then	apply	the	power	rule	of	a	power	to	obtain	53x6	or	125x6	from	the	exponent	zero	â	¢	13.Â	1,	provided	that	at,	b	and	d	they	are	all	non-zeroÂ	Â	Â	14.Â	17ÃÂ	Â1Â	=Â	17,	provided	that	xâ¢	0	From	radicalsÂ	â	¢	15.Â	x5/2Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â
Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â	Â17.Ã©	274/3Ã	̈	̈	=	(271/3)
4	by	the	law	of	the	power	of	a	power.	271/3	is	the	same	as	the	Cuban	root	of	27,	which	is	3.	(271/3)	4	=	34	=	81	=	What’s	new	14	Nov	2021:	Update	link	here.	19	Oct	2020:	Converted	to	HTML5,	and	and	variables.	Clarified	in	two	responses	that	variables	must	be	non-zero.	Evaluated	the	cube-root-of-square	example	in	the	correct	order,	although	the
final	answer	does	not	change.	24	Mar	2017:	Thanks	to	Chase	Ries,	corrected	xxx/yyy	to	xxx/	(yyyy).	I	added	an	explanation	of	the	problem	involved.	(amendments	deleted)	24	Feb	2002:	New	Article.	Article.
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