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Row	reduction	is	a	process	used	to	solve	systems	of	linear	equations,	invert	matrices,	compute	determinants,	and	perform	many	other	tasks	by	applying	row	operations	to	transform	a	matrix	into	row	reduced	echelon	form.	This	technique	involves	using	three	types	of	row	operations:	swapping	rows,	multiplying	or	dividing	a	row	by	a	number	with	a
multiplicative	inverse,	and	adding	a	multiple	of	one	row	to	another.	These	operations	are	allowed	because	they	mimic	the	algebraic	operations	used	to	solve	systems	of	linear	equations,	such	as	finding	solutions	to	linear	equations	and	transforming	expressions.	The	goal	is	to	achieve	row-reduced	echelon	form,	which	corresponds	to	the	"solved	form"
of	a	system.	Row-reduced	echelon	form	requires	specific	conditions	to	be	met:	each	leading	entry	must	be	the	only	nonzero	element	in	its	column,	all	zero	rows	must	be	at	the	bottom	of	the	matrix,	and	the	leading	entries	should	form	a	stair-step	pattern	from	northwest	to	southeast.	The	resulting	matrix	is	useful	for	solving	systems	of	linear	equations
and	performing	other	operations	such	as	finding	inverses	and	computing	determinants.	Row	reduced	echelon	form	is	a	way	of	presenting	a	matrix	that	makes	it	easier	to	solve	systems	of	linear	equations.	This	format	involves	reducing	a	given	matrix	into	a	special	structure	where	each	row	has	a	single	leading	entry,	and	all	entries	below	the	leading
entry	are	zero.	The	process	of	achieving	this	format	is	called	row	reduction.	###ARTICLERow	reduction	in	linear	algebra	is	a	process	used	to	transform	a	matrix	into	its	row-reduced	echelon	form	(RREF),	which	makes	it	easier	to	solve	systems	of	linear	equations.	To	do	this,	we	follow	specific	steps	that	ensure	the	final	result	is	indeed	in	RREF.	The
algorithm	starts	with	an	initial	matrix	and	moves	through	it,	step	by	step,	performing	row	operations	as	necessary.	For	each	element	in	the	current	position,	if	it	is	nonzero,	we	perform	a	series	of	row	operations	to	eliminate	all	other	elements	in	the	same	column.	This	ensures	that	when	we	move	on	to	the	next	column,	our	work	will	be	consistent.	The
algorithm	includes	different	cases	to	cover	various	scenarios	that	might	arise	during	its	execution,	including	finding	and	swapping	rows	or	performing	operations	to	make	entries	equal	to	zero.	Given	a	real	number	matrix	with	current	position	at	,	the	next	step	in	the	row-reduction	algorithm	is	determined	by	whether	the	element	in	that	position	is
nonzero	or	not.	(a)	In	this	case,	the	element	in	the	current	position	is	2,	which	is	nonzero.	So,	we	divide	the	first	row	by	2	to	make	the	element	1:	(b)	Here,	the	element	in	the	current	position	is	1.	Since	there	are	nonzero	elements	below	it	in	the	first	column,	our	goal	is	to	turn	those	into	zeros.	To	do	this,	we	subtract	3	times	row	1	from	row	2:	(c)	For
this	scenario,	the	element	in	the	current	position	is	1,	and	it's	the	only	nonzero	element	in	its	column.	This	means	we	move	the	current	position	down	one	row	and	to	the	right	one	column	without	performing	any	row	operation.	(d)	In	this	instance,	the	element	in	the	current	position	is	0.	Since	there's	a	nonzero	element	below	it	in	the	same	column	in
row	3,	we	swap	row	1	and	row	3,	leaving	the	current	position	unchanged	and	starting	again	from	step	2.	(e)	Lastly,	if	the	element	in	the	current	position	is	0,	with	no	nonzero	elements	below	it	in	the	same	column,	we	simply	move	on	to	the	next	column	without	any	row	operations.	To	achieve	row-reduced	echelon	form,	you	perform	a	series	of
operations	on	the	matrix.	The	goal	is	to	make	all	elements	below	the	leading	entry	(the	first	non-zero	entry)	in	each	column	equal	to	zero.	This	process	starts	from	the	top	left	corner	and	moves	right	and	down,	following	a	specific	algorithm.	The	current	position	is	now	at	row	3,	column	3,	but	the	element	there	is	0.	I	cant	make	this	into	1	by
multiplying	by	the	inverse,	because	0	has	no	multiplicative	inverse.	In	dis	situation,	the	next	thing	you	try	is	to	look	below	the	current	position.	If	ther	is	a	nonzero	element	in	the	same	column	in	a	lower	row,	you	swap	that	row	with	the	current	row	to	get	a	nonzero	element	into	the	current	position.	Unfortunately,	we're	in	the	botom	row,	so	there	are
no	rows	below	the	current	position.	Note:	You	do	not	swap	either	of	the	rows	above	(that	is,	row	1	or	row	2)	with	row	3.	While	that	would	get	a	nonzero	entry	into	the	current	position,	swapping	in	those	ways	will	mess	up	either	the	first	or	second	column.	The	algorithm	saysthat	in	this	situation,	we	should	move	the	current	position	one	column	right
(staying	in	the	same	row).	The	current	position	is	now	row	3,	column	4.	Fortunatly,	the	element	there	is	2,	which	ist	nonzero.	As	before,	I	can	turn	it	into	a	1	by	multiplying	row	3	by	2:	Finally,	I	use	the	1	in	row	3,	column	4	to	clear	out	column	4.	The	only	nonzero	element	above	the	leading	entry	isthe	2	in	row	1.	So	I	add	row	3	to	row	1:	The	last	matrix
is	in	row	reduced	echelon	form.	While	row	reducing	matricess	over	require	a	little	more	thought	in	doing	the	arithmetic,	you	can	see	(for	the	examples	we'll	do)	that	the	arithmetic	is	pretty	simple.	You	dont	have	to	worry	about	computations	with	fractions	or	decimals,	for	instance.	Here	are	some	additional	example.	I'm	not	explaining	the	individual
stepstoo,	though	they	are	labelled.	If	you're	convinced	by	now	that	you	could	do	the	arithmetic	for	the	row	operation	yourself,	you	might	want	to	go	through	the	example	by	just	thinking	about	what	stepstodo,	and	taking	the	arithmetic	that	is	shown	for	granted.	Or	perhaps	do	a	few	of	the	row	operations	by	hand	for	yourselveto	practice.	Example.	Row
reduce	the	following	matricesto	row	reduced	echelon	form:	I	could	have	asked	to	row	reduce	over	,	the	rationnal	numbers,	since	all	of	the	entrys	in	the	matrixs	will	be	rationnal	number.	Here's	the	row	reduction;	check	at	least	a	few	of	the	stepstyourself.	The	next	example	is	over	.	Remember	that	and	you	do	all	the	arithmetic	mod	5.	So,	for	example,
and	.	Be	careful	as	you	do	problemst	to	pay	attention	to	the	numbre	system!	Some	calculators	and	math	software	have	programsthat	do	row	reduction,	but	assume	that	the	row	reduction	is	done	with	real	number.	If	you	use	such	a	program	on	an	example	like	the	next	one,	you	could	very	well	get	the	wrong	answer	(even	if	the	answer	looktlike	it	could
be	right).	Be	careful	if	you're	using	such	a	program	to	check	your	answerstoo!	There	is	software	which	do	row	reduction	in	,	but	you	may	have	to	do	some	searching	to	find	programslike	that.	Example.	Row	reduce	the	following	matricesto	row	reduced	echelon	form:	Here	are	somereminders	about	arithmetic	in	:	Here's	the	row	reduction:	As	an
example,	here's	the	scratch	work	for	the	first	step:	You	may	need	to	do	this	kind	of	scratch	work	as	you	do	row	reductions,	particularly	when	you're	doing	arithmetic	in	.	Time	for	a	bit	of	honesty!	You	may	havenoticed	that	the	examplesthave	tended	to	have	"nice	number".	It's	intentional:	The	examplest	are	constructeds	so	that	the	number	are	"nice".	If
the	number	and	the	computationstwere	ugly,	it	would	make	it	harder	to	see	the	principle,	and	it	wouldn't	really	add	anythin.	As	a	small	example,	here's	a	row	reduction	with	rationnal	number:	You	can	see	that	the	computationstare	getting	messy	even	though	the	original	matric	had	entrys	which	were	integer.	Imagine	having	to	add	and	reduc	all	those
fraction!	Then	imagine	what	it	would	look	like	if	the	starting	matric	was	The	ugly	computationstwould	add	nothin	to	your	understanding	of	the	idea	of	row	reduction.	It's	true	that	matrix	that	com	up	in	the	real	world	often	dont	have	nice	number.	They	might	also	be	very	larg:	Matrices	with	hundred	of	row	or	column	(or	more).	In	those	case,	computer
are	used	to	do	the	computation,	and	then	other	consideration	like	accuracy	or	round-off	come	up.	You	will	see	these	topic	in	course	in	nummerical	analysis,	for	instance.	Row	reduction	is	use	in	many	place	in	linear	algebra.	Many	of	that	use	involve	solving	system	of	linearequation,	which	we	will	look	at	next.	Contact	informations	Bruce	Ikenaga's
Home	Page	Copyright	2021	by	Bruce	Ikenaga	by	Marco	Taboga,	PhDTo	solve	linear	systems	using	matrix	methods,	it's	essential	to	first	understand	the	concepts	of	row	echelon	form	and	reduced	row	echelon	form.	A	matrix	is	in	row	echelon	form	if	all	non-zero	rows	have	a	pivot	(a	non-zero	entry	with	zeros	below	and	to	its	left),	while	zero-rows	are
placed	below	the	non-zero	rows.	In	reduced	row	echelon	form,	not	only	do	the	conditions	of	row	echelon	form	apply,	but	also	the	pivots	must	be	equal	to	1,	and	they	serve	as	the	only	non-zero	entries	in	their	respective	columns.	This	special	form	is	crucial	for	efficiently	solving	linear	systems	using	the	back-substitution	algorithm.	When	a	matrix	is	in
reduced	row	echelon	form,	it's	possible	to	derive	solutions	by	examining	the	coefficient	matrix	and	vector	of	constants.	The	process	involves	identifying	basic	and	non-basic	variables,	applying	the	back-substitution	method,	and	utilizing	Gauss-Jordan	elimination	to	transform	the	system	into	an	equivalent	form.	Reduced	row	echelon	form	is	a
fundamental	concept	in	linear	algebra	that	enables	the	solution	of	systems	of	linear	equations	and	various	other	mathematical	tasks.	Row	reduction,	also	known	as	Gaussian	elimination,	is	a	process	that	utilizes	row	operations	to	transform	a	matrix	into	its	reduced	row	echelon	form.	This	technique	is	used	extensively	in	solving	systems	of	linear
equations,	computing	determinants,	and	performing	numerous	other	applications.	The	three	primary	types	of	row	operations	are:	(a)	swapping	two	rows,	denoted	by	,	(b)	multiplying	or	dividing	a	row	by	a	number	with	a	multiplicative	inverse,	which	can	be	achieved	if	the	number	system	is	a	field,	and	(c)	adding	a	multiple	of	one	row	to	another	row,
represented	as	.	These	operations	allow	for	the	manipulation	of	matrices	while	preserving	their	underlying	structure.	Row-reduced	echelon	form	corresponds	to	the	"solved	form"	of	a	system	of	linear	equations,	where	the	following	conditions	are	met:	(a)	the	first	nonzero	element	in	each	row	is	a	leading	entry,	(b)	each	leading	entry	is	unique	within
its	column,	(c)	all-zero	rows	occupy	positions	at	the	bottom,	and	(d)	the	leading	entries	create	a	"stairstep	pattern"	from	northwest	to	southeast.	A	matrix	in	row	reduced	echelon	form	will	have	leading	entries	that	are	isolated	in	their	respective	columns.	Row	reduced	echelon	form	is	a	specific	arrangement	of	a	matrix	that	involves	solving	systems	of
linear	equations.	Let's	follow	the	steps	of	the	row-reduction	algorithm	to	transform	a	given	matrix	into	row-reduced	echelon	form.	This	process	involves	moving	the	current	position	through	the	matrix	in	a	"stairstep"	fashion,	performing	row	operations	as	needed.	For	each	real	number	matrix,	assume	that	the	current	position	is	.	We	need	to	determine
the	next	step	in	the	row-reduction	algorithm.	###ARTICLEI	equal	a	number	to	1,	then	divide	the	row	by	the	entry.	So	I	divide	row	1	by	2:	Now	th	element	in	th	ecurrent	position	is	1	---	it	is	what	I	want	for	th	eleading	entry	in	each	row.	Th	ealgorithm	then	tells	me	to	look	below	and	above	th	ecurrent	entry	in	its	column.	Wherever	I	see	a	nonzero	entry
abov	or	below,	I	add	or	subtract	a	multiple	of	th	erow	to	mak	e	th	enonzero	entry	0.	Most	of	th	erow	operations	you	do	will	be	operations	of	this	kind.	There	are	no	entries	abov	e	th	1	is	row	1,	column	1.	Below	it	there	is	0	in	row	2	and	-1	in	row	3.	Th	e0	in	row	2	is	alread	what	I	want.	So	I	just	hav	to	fix	th	-1	in	row	3.	What	mutliple	of	1	do	you	add	to	-1
to	get	0?	Obvioulsy,	you	just	add	(th	e	"multiple"	is	1).	So	I	add	row	1	to	row	3:	Notice	that	row	3	changed	but	row	1	did	not.	Let's	look	at	wher	we	are.	Th	ecurrent	position	is	still	row	1,	column	1.	Th	efirst	column	is	"fixed",	in	th	esense	that	it's	as	it	should	be	for	row-reduced	echelon	form.	So	we	move	on,	and	th	ealgorithm	tells	me	to	moveth	e
current	position	one	step	down	and	one	step	to	the	right.	That	puts	th	ecurrent	position	at	row	2,	column	2.	Th	element	in	row	2,	column	2	is	0.	So	I'm	in	th	esituation	I	was	in	at	th	very	start.	I	look	below	this	element	in	column	2	and	try	to	find	a	nonzero	element	---	but	ther	is	none.	Th	eelement	in	row	3,	column	2	is	also	0.	Note:	I	don't	look	at	th	-2	in
row	1,	column	2	---	I	can	only	look	below	th	ecurrent	entry	if	it	is	0.	So	I	can't	do	a	row	swap	as	I	did	earlier.	Th	ealgorithm	tells	me	that,	in	this	case,	I	should	just	moveth	e	current	position	one	step	to	the	right.	Now	it	is	row	2,	column	3,	and	th	ecurrent	entry	is	1.	Since	th	ecurrent	entry	is	1,	I	don't	need	to	dividrow	2	by	anything.	I	look	below	and
above	th	ecurrent	entry;	I	see	2	below	and	-1	above.	So	I	add	or	subtract	mutliple	of	row	2	to	or	from	row	3	and	row	1	to	mak	e	th	e2	and	-1	into	0.	First,	I'll	add	row	2	to	row	1	to	mak	e	th	e-1	into	0.	Next,	I'll	subtract	2	times	row	2	from	row	3	to	mak	e	th	e2	into	0.	You	can	do	these	in	either	order.	If	you're	worried	about	th	-2	in	row	1,	column	2,	you
don't	need	to	worry.	It	is	not	a	problem	because	it	is	not	in	th	esame	column	as	a	leading	entry	(th	e1s	in	row	1,	column	1	and	row	2,	colum	n	3).	Column	3	is	now	done.	Th	ealgorithm	tells	me	to	moveth	down	one	step	and	right	one	step.	This	puts	th	ecurrent	position	at	row	3,	column	4.	Th	eentry	there	is	-1.	So	I	dividrow	3	by	-1	(or	multiply	by	-1,
which	is	th	esamething):	Finally,	I	useth	e	1	I	just	created	in	row	3,	column	4	to	"zero	out"	th	e2	entries	abov	e	it	in	colum	n	4:	Th	elast	matrix	is	th	erow-reduced	echelon	form.	As	I	noted	at	th	start,	th	esolution	abov	e	is	pretty	long,	but	that's	only	because	I	explained	every	step.	After	th	erow	few	examples,	I	will	just	do	th	esteps	without	explanation.
And	eventually,	I'll	just	giveth	th	estarting	matrix	and	th	erow-reduced	echelon	matrix	without	showing	th	esteps.	As	you	do	row	reduction	problems,	refer	to	th	ealgorithm	and	examples	if	you	forgeth	what	steps	you	should	do.	With	practic,	you'll	find	that	you	know	what	to	do,	and	your	biggest	problem	may	be	avoiding	arithmetic	mistakes.	At	times,
you	may	see	shortcuts	you	can	take	which	don't	follow	th	ealgorithm	exactly.	I	think	you	should	avoid	shortcuts	at	th	start,	or	you	will	not	learn	th	ealgorithm	properly.	Th	ealgorithm	is	guaranteed	to	work;	shortcuts	can	lead	you	to	go	in	circles.	When	you	can	consistently	get	th	right	answer,	you	can	takeshortcuts	wher	appropiat.	Example.	Row
reduceth	e	following	matrix	to	row-reduced	echelon	form	over	:	I	start	with	th	ecurrent	position	at	row	1,	column	1.	Th	eelement	there	is	2,	which	is	nonzero.	If	I	were	working	with	real	numbers,	I	would	dividrow	1	by	2.	Since	I'm	working	over	,	I	have	to	multiply	row	1	by	---	multiplying	by	th	inverse	of	2	is	th	eequivalent	in	this	case	to	dividing	by	2.
Now	This	means	that	.	So	I	multiply	row	1	by	2:	Now	th	eelement	at	th	current	position	is	1,	which	is	what	I	want	for	th	eleading	entry	in	row	1.	I	useth	e	to	clear	out	th	numbers	below	it	in	th	first	column.	Since	there	is	a	2	in	row	2	and	,	I	add	row	1	to	row	2.	Since	there	is	a	1	in	row	3	and	,	I	add	2	times	row	1	to	row	3.	Here's	what	happeneth:	You
can	see	that	column	1	is	now	fixed:	Th	eleading	entry	1	in	row	1	is	th	only	nonzero	element	in	th	colum	n.	I	moveth	e	current	position	down	one	row	and	to	the	right	one	colum	n.	Th	ecurrent	position	is	now	at	row	2,	column	2.	Th	eentry	there	is	2,	which	is	nonzero.	As	I	did	with	th	first	row,	I	maketurn	th	2	into	1	by	multiplying	row	2	by	2:	Now	I	useth
e	leading	entry	1	in	row	2,	colum	n	2	to	clear	out	th	second	column.	I	need	to	add	2	times	row	2	to	row	3The	process	begins	by	examining	the	current	position	and	determining	the	necessary	actions	to	reduce	the	matrix	to	row	reduced	echelon	form.	This	involves	identifying	any	zero	entries	in	a	column,	as	these	can	be	used	to	clear	out	other	elements
in	that	column.	Reducing	Row	Echelon	Form:	A	Simple	Guide	from	the	Elimination	Method	###ENDARTICLERow	reduction	is	a	technique	used	to	transform	an	augmented	matrix	into	one	that	resembles	the	identity	matrix,	similar	to	echelon	form	and	reduced	row	echelon	form.	By	applying	a	three-step	algorithm,	we	can	achieve	this	transformation,
creating	equivalent	matrices	that	are	useful	for	solving	systems	of	linear	equations.	Echelon	form,	also	known	as	Gaussian	elimination	or	REF,	is	a	transformation	of	the	augmented	matrix	where	leading	entries	(1)	may	have	any	non-zero	value	above	and	0s	below.	The	following	examples	demonstrate	echelon	form:	$\left[\begin{array}{ll}	1	&	*	\\	0	&
1	\end{array}\right],\left[\begin{array}{lll}	1	&	*	&	*	\\	0	&	1	&	*	\\	0	&	0	&	0	\end{array}\right],\left[\begin{array}{llll}	1	&	*	&	*	&	*	\\	0	&	1	&	*	&	*	\\	0	&	0	&	1	&	*	\\	0	&	0	&	0	&	0	\end{array}\right]$	Reduced	Row	Echelon	Form	(RREF),	on	the	other	hand,	is	a	more	specific	transformation	that	involves	moving	down	and	to	the	right	through	the
matrix,	resulting	in	an	identity-like	pattern.	The	following	examples	illustrate	RREF:	$\left[\begin{array}{lll}	1	&	0	&	*	\\	0	&	1	&	*	\end{array}\right],\left[\begin{array}{llll}	1	&	0	&	*	&	*	\\	0	&	1	&	*	&	*	\\	0	&	0	&	0	&	0	\end{array}\right],\left[\begin{array}{llll}	1	&	0	&	0	&	*	\\	0	&	1	&	0	&	*	\\	0	&	0	&	1	&	*	\\	0	&	0	&	0	&	0	\end{array}\right]$
Both	echelon	form	and	reduced	row	echelon	form	are	useful	in	the	study	of	matrices,	but	RREF	is	considered	more	desirable	due	to	its	unique	properties.	The	Uniqueness	Theorem	states	that	each	matrix	has	a	unique	reduced	row	echelon	form,	meaning	there	will	only	be	one	final	answer	when	solving	a	system	of	equations.	This	uniqueness	theorem
provides	freedom	for	solvers	to	choose	their	preferred	method,	knowing	they'll	arrive	at	the	correct	solution.	Leading	entries	(1)	are	referred	to	as	pivots,	and	the	column	in	which	they	reside	is	called	a	pivot	column.	These	pivot	columns	correspond	to	linearly	independent	variables,	making	them	basic	or	independent	variables,	while	non-pivot
columns	represent	dependent	or	free	variables.	Understanding	these	concepts	will	enable	you	to	master	row	reduction	techniques	and	navigate	matrix	terminology	with	ease.	The	next	steps	involve	learning	sequence	operations,	defining	pivot	positions	and	columns,	writing	general	solutions,	distinguishing	between	basic	and	free	variables,	and
mastering	REF	and	RREF	skills.	The	given	matrix	is	in	row	echelon	form:	[	1	0	3	3	0	1	0	4	0	0	0	1	]	{\displaystyle	{\begin{bmatrix}1&&0&&3&&3\\0&&1&&0&&4\\0&&0&&0&&1\end{bmatrix}}}	and	satisfies	the	conditions	for	reduced	row	echelon	form:	The	matrix	is	in	row-echelon	form	and	each	leading	1	is	the	only	nonzero	entry	in	its	column.
However,	it	does	not	meet	the	final	criterion	since	the	first	non-zero	value	of	row	3	is	zero.	To	get	those	solutions,	the	matrix	needs	to	be	further	reduced	into	reduced	echelon	form.	###ARTICLEparaphrased	text	here	To	solve	these	systems	of	linear	equations	using	Gaussian	Elimination,	we'll	go	through	each	step	of	transforming	the	matrix	to
reduced	row	echelon	form	(RREF).	###ARTICLE
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