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How to solve for point of intersection

© 2008 Rasmus ehf and Jéhann Isak Lesson 3 Intersection points of graphs How do we set about finding the points in which two graphs y = f(x) and y = g(x) intersect? We already know how to find where the graph of f(x) cuts the x—axis. That’s where y = 0. We calculate it by solving the equation f(x) = 0 . When the graphs of y = f(x) and y = g(x)
intersect , both graphs have exactly the same x and y values. So we can find the point or points of intersection by solving the equation f(x) = g(x). The solution of this equation will give us the x value(s) of the point(s) of intersection. We can then find the y value by putting the value for x that we have found into one of the original equations. That is by
calculating either f(x) or g(x). Example 1 Calculate the point of intersection of the two lines f(x) = 2x — 1 and g(x) = x + 1. First let’s look at a graph of the two functions. We can see the point of intersection is (2, 3). We calculate the point of intersection by solving the equation f(x) = g(x). Thatis: 2x—-1=x+1 2x—-x=1+1 x =2 They
coordinate can now be found by calculating f(2): f(2) = 2x2 — 1 = 3 The point of intersection is (2, 3). The example shows that we can find the point of intersection in two ways. Either graphically, by drawing the two graphs in the same coordinate system, or algebraically by solving the equation such as the one in the above example. Solving an
equation graphically is easy with a graphical calculator or a computer program such as Excel. Some equations cannot be solved algebraically but we can find solutions that are correct to as many significant figures as we want by using computers and calculators. Example 2 Solve the equation x2 — 2x — 3 = 2x — 3 first graphically, then algebraically.
We draw the graphs of f(x) = x2 — 2x — 3 and g(x) = 2x — 3 by making a table of values and plotting the points. We can see, both from the graph and from the table of values, that the graphs intersect when x = 0 and x = 4. Solving algebraically: x2 —-2x—-3=2x-3 x2 —4x =0 x(x — 4) = 0 Giving the solutions x = 0 and x =
4. Example 3 Solve the equation x2 — 1 = 2x — 3 First move all the terms over to the left hand side of the equation and simplify. This gives x2 — 2x + 2 = 0 We use the quadratic formula with a = 1, b = —2 and ¢ = 2. The number under the square root sign is negative which means this equation has no solution. To see why this is we draw the graphs of
the left hand side of the original equation f(x) = x2 — 1 and the right hand side g(x) = 2x — 3. We see that the parabola f(x) and the straight line g(x) do not intersect. It’s easy to see that we cannot calculate the point of intrsection simply because there is no such point. Example 4 Solve the equation x3 — 3x + 2 =x2 —2x+ 1 Asin
the previous example we move all the terms over to the left hand side of the equation. x3 = 3x+2=x2 -2x+1x3—-x2 —x+1=0x%3-x2)-x-1)=0x2xx-1)-x—-1)=0x—-1)x2—-1)=0x—-1)(x — 1)(x + 1) = 0 Calculations show that there are only two solutions, x = 1 and x = —1, but a cubic equation can have three solutions. The
graph shows us what is happening. The graphs of f(x) = x2 — 2x + 1 and g(x) = x3 — 3x + 2 intersect in only two places, where x = —1 and x = 1 which were the solutions of the equation. Example 5 Solve the equation x2 = x It’s easy to see that x = 0 and x = 1 are solutions of the equation but are there any more solutions?It’s not
very likely but let’s look at the graphs. Call the left hand side f(x) = x2 and the right hand side g(x) = x. Remember that g(x) can’t take negative values of x so there can’t be any negative points of intersection. The graph shows that there are only two points of intersection and therefore only two solutions to the equation. x = 0 and x =
1. Here’s how to solve the eqaution by calculation: x2 =xx4 =x x4 — x = 0 x(x3 — 1) = 0 Square both sides of the equation to get rid of the square root. This gives the solution x = 0 and x = 1. Example 6 Solve the equation In x = x2 — 1 This equaton is not so easy to solve. If we remember the definition of a logarithm we can see that x = 1 makes
both sides of the equation equal to 0 and is therefoer one solution to the equation. We draw graphs to see if there are any other solutions . The graph shows us that there are two solutions. One solution is exactly x = 1 because e0 =1. Notice that we choose the x values so that the y values become nearer and nearer to each other in
the table of values. In this way we can choose the x value to get the accuracy we want. Example 7 EXCEL If we use a graphical calculator we can find the solution of the equation In x = x2 — 1 much more easily. We draw the graphs of both sides of the equation and use Zoom (shift F2) and then , Trace (shift F1)“ to find the point of intersection. Even
easier is to use the G-Solve ( F5) and then the intersection function ISCT (F5) . This gives us the first point of intersection. We then press the right arrow and the calculator will move on to the second intersection point. The spread sheet program EXCEL has a tool called “goal seek” to solve equations that can’t easily be solved algebraically. Start by
rearranging the equation as shown. Inx=x2 -1 1 =x2 —In x Open EXCEL and begin by choosing or guessing a starting value for x. Enter this into cell B2. We can, for example choose 0.1. Next we put the formula that we have on the right hand side of the equation, x2 — In x, into cell D2 . The formula will look like this: = B2”2-In(B2) Now
choose “Tools” and then “Goal Seek” on the menu bar. The following appears on the screen: We write D2, 1 and B2 in the spaces as shown. We are asking Excel to make make the value of cell D2 equal to the value 1 by changing the value in B2. When we click on OK the following information appears. This tells us that the approximation x = 0.45
that we found graphically in example 6 is pretty good.The solution x = 0.4500289 found by using EXCEL is not much better. Try Quiz 3 on Equations III. Remember to use the checklist to keep track of your work. A system of linear equations includes two or more linear equations. The graphs of two lines will intersect at a single point if they are not
parallel. Two parallel lines can also intersect if they are coincident, which means they are the same line and they intersect at every point. For two lines that are not parallel, the single point of intersection will satisfy both equations and therefore represent the solution to the system. To find this point when the equations are given as functions, we can
solve for an input value so that [latex]f\left(x\right)=g\left(x\right)[/latex]. In other words, we can set the formulas for the lines equal to one another, and solve for the input that satisfies the equation. Find the point of intersection of the lines [latex]h\left(t\right)=3t - 4[/latex] and [latex]j\left(t\right)=5-t[/latex]. Set [latex]h\left(t\right)=j\left(t\right)
[/latex]. [latex]\begin{cases} 3t - 4=5-t\hfill \\ \text{ }4t=9\hfill \\ \text{ }t=\frac{9} {4}\hfill \end {cases}[/latex] This tells us the lines intersect when the input is [latex]\frac{9} {4}[/latex]. We can then find the output value of the intersection point by evaluating either function at this input. [latex]\begin{cases}j\left(\frac{9} {4 }\right)=5-\frac{9}
{4 }\hfill \\ \text{ }=\frac{11}{4}\hfill \end{cases}[/latex] These lines intersect at the point [latex]\left(\frac{9} {4} \frac{11} {4 }\right)[/latex]. If we were asked to find the point of intersection of two distinct parallel lines, should something in the solution process alert us to the fact that there are no solutions? Yes. After setting the two equations
equal to one another, the result would be the contradiction “0 = non-zero real number”. Using the graph in the Analysis of the Solution for Example 12, identify the following for the function [latex]j\left(t\right)[/latex]: a. y-intercept b. x-intercept(s) c. slope d. Is [latex]j\left(t\right)[/latex] parallel or perpendicular to [latex]h\left(t\right)[/latex] (or
neither)? e. Is [latex]j\left(t\right)[/latex] an increasing or decreasing function (or neither)? f. Write a transformation description for [latex]j\left(t\right)[/latex] from the identity toolkit function [latex]f\left(x\right)=x[/latex]. Solution A company sells sports helmets. The company incurs a one-time fixed cost for $250,000. Each helmet costs $120 to
produce, and sells for $140. Find the cost function, C, to produce x helmets, in dollars. Find the revenue function, R, from the sales of x helmets, in dollars. Find the break-even point, the point of intersection of the two graphs C and R. The cost function in the sum of the fixed cost, $125,000, and the variable cost, $120 per helmet.
[latex]C\left(x\right)=120x+250,000[/latex] The revenue function is the total revenue from the sale of [latex]x[/latex] helmets, [latex]R\left(x\right)=140x[/latex]. The break-even point is the point of intersection of the graph of the cost and revenue functions. To find the x-coordinate of the coordinate pair of the point of intersection, set the two
equations equal, and solve for x. [latex]\begin{cases}\text{ }C\left(x\right)=R\left(x\right)\hfill \\ 250,000+120x=140x\hfill \\ \text{ }250,000=20x\hfill \\ \text{ }12,500=x\hfill \\ \text{ }x=12,500\hfill \end{cases}[/latex] To find [latex]y[/latex], evaluate either the revenue or the cost function at 12,500.
[latex]\begin{cases}R\left(20\right)=140\left(12,500\right)\hfill \\ =$1,750,000\hfill \end{cases}[/latex] The break-even point is (12,500, 1,750,000). The graphs of two lines intersect at a point $(s,t)$ when the point $(s,t)$ is on both lines. The point $(s,t)$ lies on the line $ax+by=c$ when $as+bt=c$. Thus, to find the intersection of two lines
$ax+by=c$ and $dx+ey=£$ (if it exists), we want to look for a pair of numbers $s$ and $t$ for which $$as+bt=c\qquad\text{and}\qquad ds+et=f.$$ In your example, we want to find an $s$ and $t$ for which $2s+t=5$ and $3s+2t=5$. Note that if $2s+t=5%, then $t=>5-2s$. Substitute this in for $t$ in the expression $3s+2t=5$ to find the value for
$s$. Then solve for $t$ using the fact that $t=5-2s$. Two distinct lines intersect at the most at one point. To find the intersection of two lines we need the general form of the two equations, which is written as \(\begin{array}{l}{a 1}x + {b 1}y + {c_1} =0, \text{ and } {a 2}x + {b 2}y + {c_2} = O\end{array}\). The lines will intersect only if they
are non-parallel lines. Common examples of intersecting lines in real life include a pair of scissors, a folding chair, a road cross, a signboard, etc. In this mini-lesson, we will learn in detail, how to find the point of intersection of two lines. When two lines share exactly one common point, they are called the intersecting lines. The intersecting lines share
a common point. And, this common point that exists on all intersecting lines is called the point of intersection. The two non-parallel straight lines which are co-planar will have an intersection point. Here, lines A and B intersect at point O, which is the point of intersection. Let's consider the following case. We are given two lines, \({L_1}\) and \
({L_21}\), and we are required to find the point of intersection. Evaluating the point of intersection involves solving two simultaneous linear equations. Let the equations of the two lines be (written in the general form): \(\begin{array}{l}{a 1}x + {b 1}y + {c 1} = 0\\{a 2}x + {b 2}y + {c_2} = 0\end{array}\) Now, let the point of intersection be \
(\Meft( {{x 0},{y_0}} \right)\). Thus, \(\begin{array}{1}{a 1}{x 0} + {b 1}{y 0} + {c 1} = 0\\{a 2}{x 0} + {b 2}{y 0} + {c_2} = O\end{array}\) This system can be solved using Cramer’s rule to get: \(\frac{{{x 0} }}{{{b 1}{c 2} - {b 2}{c 1}}} =\frac{{ - {y O}}}{{{a 1}{c 2} - {a 2}{c 1}}} =\frac{1}{{{a 1}{b 2} - {a 2}{b 1}}}\) From
this relation, we can obtain the point of intersection \(\left( {{x 0},{y_0}} \right)\) as \(\left( {{x 0},{y _0}} \right) = \left( {\frac{{{b_1}{c 2} - {b 2}{c 1}}}{{{a 1}{b 2} - {a 2}{b 1}}}\frac{{{c 1}{a 2} - {c 2}{a 1}}}{{{a 1}{b 2} - {a 2}{b 1}}}} \right)\) To obtain the angle of intersection between two lines, consider the figure shown: The
equations of the two lines in slope-intercept form are: \(\begin{align} &y = \left( { - \frac{{{a 1} }}{{{b 1} }}} \right)x + \left( {\frac{{{c 1}}}{{{b 1}}}} \right) = {m 1}x + {C 1}\&y = \left( { - \frac{{{a 2}}}{{{b _2}}}} \right)x + \left( {\frac{{{c 2}}}{{{b 2}}}} \right) = {m 2}x + {C 2}\end{align}\) Note in the figure above that \(\theta =
{\theta 2} - {\theta 1}\), and thus \(\begin{align}&\tan \theta = \tan \left( {{\theta 2} - {\theta 1}} \right) = \frac{{\tan {\theta 2} -\tan {\theta 1}}}{{1 + \tan {\theta 1}\tan {\theta 2}}}\&\qquad\gquad\gquad\qquad\;\;= \frac{{{m 2} - {m 1}}}{{1 + {m_1}{m 2}}}\end{align}\) Conventionally, we would be interested only in the acute
angle between the two lines and thus, we have to have \(\tan \theta \) as a positive quantity. So in the expression above, if the expression \(\frac{{{m 2} - {m 1}}}{{1 + {m_1}{m 2}}}\) turns out to be negative, this would be the tangent of the obtuse angle between the two lines; thus, to get the acute angle between the two lines, we use the
magnitude of this expression. Therefore, the acute angle \(\theta \) between the two lines is \(\theta = {\tan ~{ - 1} }\left| {\frac{{{m 2} - {m 1}}}{{1 + {m 1}{m 2}}}} \right|\) From this relation, we can easily deduce the conditions on \({m_1}\) and \({m_2}\) such that the two lines \({L_1}\) and \({L_2}\) are parallel or perpendicular. If the lines
are parallel, \(\theta = 0\) and \({m_1} = {m_2}\), which is obvious since parallel lines must have the same slope. For the two lines to be perpendicular lines, 6 = /2 , so that cot 6 = 0; this can happen if \(1 + {m _1}{m 2} = 0\) or \({m 1}{m 2} = - 1\). If the lines \({L_1}\) and \({L_2}\) are in the general form ax + by + ¢ = 0, the slope of this line is
m = -a/b. Condition for Two Lines to be Parallel Thus, the condition for \({L_1}\) and \({L_2}\) to be parallel is: \({m 1} = {m 2}\, \Rightarrow \, - \frac{{{a 1}}}{{{b 1}}} = -\frac{{{a 2}}}{{{b 2}}}\ \Rightarrow \\rac{{{a 1}}}{{{b 1}}} = \frac{{{a 2}}}{{{b 2}}}\) Example The line \({L _1}:x - 2y + 1 = 0\) is parallel to the line \({L 2}:x
- 2y - 3 = 0\) because the slope of both the lines is m = 1/2 Condition for Two Lines to be Perpendicular The condition for \({L_1}\) and \({L_2}\) to be perpendicular is: \(\begin{align}&{m 1}{m 2} = - 1\, \Rightarrow \\left( { - \frac{{{a 1}}}{{{b 1}}}} \right)\left( { - \frac{{{a 2}}}{{{b _2}}}} \right) = - 1\,\\ &\gquad\gquad\;\;\;\; \Rightarrow \,\,
{a 1}{a 2} + {b 1}{b 2} = 0\end{align}\) Example The line \({L_1}\) : x + y = 1 is perpendicular to the line \({L_2}\) :x - y = 1 because the slope of \({L_1}\) is \( - 1\) while the slope of \({L _2}\) is 1. The intersecting lines (two or more) always meet at a single point. The intersecting lines can cross each other at any angle. This angle formed is
always greater than 0- and less than 180-. Two intersecting lines form a pair of vertical angles. The vertical angles are opposite angles with a common vertex (which is the point of intersection). Here, Za and 4c are vertical angles and are equal. Also, b and 4d are vertical angles and equal to each other. Za+4d = straight angle =180- An acute
angle \(\theta \) between lines \(L_1\) and \(L._2\) with slopes \(m_1\) and \(m_2\) is given by \(\theta = {\tan ~{ - 1} \eft| {\frac{{{m 2} - {m 1}}}{{1 + {m_1}{m 2}}}} \right|\) If the lines \({L_1}\) and \({L_2}\) are given in the general form ax + by + ¢ = 0, the slope of this line is m = -a/b. The condition for two lines \({L_1}\) and \({L_2}\) to be
parallel is: \({m_1} = {m_2}\) The condition for two lines \({L_1}\) and \({L._2}\) to be perpendicular is: \({m 1}{m 2} = - 1\)
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