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COMMUTATIVE RING SPECTRA

BHEETT RICHTER

ABSTHACT. In this survey papes om coininilslive fng speclis ey jriveenl ssne basie bewl oies
ool rcamavet At |ve ving spatra Al illsruss meede| cabegogy stnsctpes, As & fira pleresling ¢ lass
il rxassples. of sech ring specira we fores oo (osmmmntadier ) algrles specira over comesdalive
Fibnlwrg-3a Laba: sisg sjmacira. e prisred Den ecectructamns Lhal yeck] aovmonnriative ring
e bra Tl apeetra sssochated bo Infsdte b mps aml Segal s const et om stating wilh
bapermulsiive categories. W e topolegieal Machschild howncdogy, sune of s sagrtants, sred
Eopdogial Al Chuilben biesdbogy. (Hstnuictbon Umany e commubsline sfnictuaes on ring
sperctrn i deseribed in two verskons. The sotbon of dake catembons in the speciral workl is
tricky amd we oaplain why. Yoo define ward proups sed Braney gressps of commitatine ring
spevlra el preswd exsampibes.

1. IsTioDnlUcTios

Since the 1900’ we have several symasetric monoidal categories of spectra ab our disposal
whise honmtapy entegoey s the stable homotopy eategory. The menoidal structuee i= usally
denoted by & aaed s callisd the saesh product of spoctra, So sinee then o can talk alsoat
commutative objects in any of these categories — these are commuatative ring spoctre.  Even
birfare such symmet ric isonosikal categorics were comstmicted | the comsequenoes of their cxistenoe
wirre dbimeribal, T 122, 52 Friedbelm Waldbaasen outlines the role of ‘rings up 1o bomotogy”,
Hee adss oot thee exprossion “brave new mngs' in o 1988 talk m Northwestern,

s what is the problom™ Why don't we just write down ndoe conemuetative moddels of oar
favorite hommtopy tvpes aisl are down with 87 Why does it make sense to lowe o whsole
chapder abomd this topse™

In algebirn, o someone tedls vou to chisk whether a given ring is comnmatadive, then yon can
st down sl chork the axions for commutativity and yvou should be fine, In stable Tomotopy
theosy the prolslem s more volvisl, siee street commstativity may oaly be satislbed by some
preferred point set bevel mosdel of the underlving associative ring spoctrum and the operadic
imcarnation of commotativity s an oxtra structure rather than o condition.

These B ofe class of commutative ring spectea that s easy to constouct, I vou take singulae
volsmoalogy with coeflickents in a commmtative ring K, thaen this is representod by the Eilenlserg-
AacLane spoctrum #IR and this can be repeesented by & conmmetatisve ring spoctmam.

Bo i would e nbee i we conlil have coplicht modlels for ather hoanotopy types tlest oome
maturally equipped with & commutative rng stiicture. Sometimes this is possable, I you are
imterested in real (or complex) vector bumellis over vour space, then yon want to understaned
read (or complex) topodogical K-theory and Michael Joschim [35] for instance produced an
explicit analytically flavoars] inoded for periodic real topolsgical R-theory fs & commbmitative
ring spectrinn in the setting of symaneteic spoctra [54).

There are a few general consdracthons that produce compmirtative ring spectta for vou.  For
imstanee, the constraction of Thom speectrn often ghves rise o commuatative ring spectra. We will
aliscuss this important class of exampdes in Sesction 4. A classical constiction due to Gracme
Srgal also prodipees small niee models of conmatative fing spectra (o0 Section 5),

{lalfe: Chfonlse 3, 56T

) Nfablemadics Subjecd Clasmfradion. 35PEL BN T,
Ary woiily sod pliscs il stoe ring speoctra F o ostmictiiles ofi DU speactifa, ofnd i e 1 leidy . isiis
off v spaeira, o sperire, topaokogieal eabisrhiib] hancdogy, topelogiesl Amdnt Culllen hamalogy, fale maps.
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Absrrger: We study properiies of a differemially simple commutainve nng B with respect 1o 8 set [ of
derivatsons of B Amsong the others we invesiigaie the relibon between the D-simplicity of R and thet of the
leseal peng Re wilh respect to a primae ideal ' off B and we prove a emterion abow the D- sirplicity of R in case
where B s o 1-demensional (Kl dimension) Anitcly penerated alpebea over a feld of chasactenistic #éro and
[ ks a simgheton ser, The sbove eriterion was quested without proof in an carlicr papet of the authos,

Kav-Wards! Derivations, Commwnative rings, Local rings, Finslely- generased alpebeas, D Teremtial simplaciny,

Skew polynamial rings

1 Introduction

All the nngs consdered in this  paper  are
commutative wilh sentity and all the fields are of
charactenistic rero, onbess i is otherwise stated. A
local ming is andersiood 1o be a Mosiberian ning with
& unigue maximal ideal; iF B is not Noetherian, then
we call ¥ & quasi-local ning. A Noctherian ning waik
fimitely many maximal ideals is calbed a sema-local
rimg. For special facts on commentative algehra we
refer dreely io [1)]7]. and [11]L while for the
comsdpls of Alpebrase Geonsetry used in the paper
wt relfer froely 1o | 3],

Let B be a ning (nol neccssanly commutative) and
fet [ be a set of derivations of B. Then an eal [ off
B s called a Deideel, if [ 1 for all derivaisons d
in [}, and R is called a Desimply ring if it has no nen
trivial [Deideals. When [) is a2 singleton set, say
De=(d} , them, For reasons of simplscity, | is called a
d-fdea! and R is called a d-aimple ring respectively,
In gereral R is called o difercarially simple mag, oF
Ihere exmsts ot least one oo D of denvations of B
such tha | s a D-skmple mng.

Every D-simple ring R comains 1he ficld F=
CyRy [y, o ker d], where C{R) denotes the center

of B, and therefore, if B is of charscteristic rero,
ihen H contains the field of mtions]l rumbers.

Mon commmutntive differentially simple rings exist in
shundance, ¢.g. every simple ring R is D-simple for
sy set [ of denivations of R, and that i why our
imferest is furmed o commutative nings only, Some
characienstie examples of comemutative D-simple

rings, where [3 is a non sengheton =ct of denvations,
are given below,

Examgde 1.1: The polynomisl ring R=k[x,x;....0]
over & feeld k is o D- gimple ring. where
& i

cach 1. Then

L]

2 '{-E‘!ﬂiummﬂmmﬂn
lﬂ'I

K[%30.0 %] Repeating the same srgument for £ and

keep going in the same way one finds, aficr n ot

st steps, (hat Dovkos (0], This 1=R.-

Example 1.3 The power  series  mng
Rk [xp5n 0] over a feld k is a D-simple ring.
where [ 18 a3 in example 1.1 .
The proal ix the <anse & abave.-

Example 1.3: Lot R= % be the
(" +y" 42" =1}
coordinate ning of the real sphere (IR desotes ihe
ficld of the peal numbers). Conuader the IR-
derivations o, snd d, of the polynomial ning
IR[xy.z] defined by d, 0 5 —ybe, y—bes, 2—eks
v, and d,; x=bytdz, yebuyzr, r-b -xy’-2x.
Then, since d, (x" + »* + z%:1)=0, for =12 , d,
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Aviiand. Lol B be o commt sifve mmi. We sas isis o digeph b s e
B e s el et ol ] st e e o W s, o ey
sttt wrties [ sl J, e & oan o fnm | o J, desstsl s f -2 1
w ey Uherw wnbain & mesirielal dleal Lossh that S = AL We call il
Nl LT T -
Mol w bt 8ol M, U Oy ey gl Ul (I, 5} ool N miaing o 8 &
e an s chigraph wnk wrte sl A s alge sl S, 8 comintng of
Ui crollomal pasioss [, ) e ksl o= o B e 5 F F In fard il kel
gl T 1 b s gl e iy ey gl ] 37, wihare 3 i ke
et ol el b ol N sl 3° oo e ol mmiriviad aieak . The amlineiad il
o ey el ol B, shemaviond o PTG s i salio b i ] wies] J v
aithed J o Pl | o= SE R e it bl b ool R b e g,
T W ey T I Y pp————
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L. IsrmooccTios

The liwest bgatbom of graple ssoriated o algebnak stniciars s vy oLl
My fusslsmenial pagers devoled bo graphs ssigosd o st bave appossd
vereully, s for exasgle (1), [X, 0, (4, (6, 9], /20 amd [27]. Mosa peogeertbes of
& plag are conieclad 1o s behavis of 1 lieak, Besdde, Meak play cnecial ols
i shnly of riog oosstie tons, see |15 snd (16 This s sy B bs bl sl
mberedling b o lnle graphs 1o kivals of & rhug, as for example s (11 and (240
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What is a commutative ring with identity. Are all rings commutative.
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